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Abstract 

We obtain non-Gaussian limit laws for one-dimensional random walk in a random 
environment in the case that the environment is a function of a stationary Markov 
process. This is an extension of the work of Kesten, M. Kozlov and Spitzer ^31 for 
random walks in i.i.d. environments. The basic assumption is that the underlying 
Markov chain is irreducible and either with finite state space or with transition kernel 
dominated above and below by a probability measure. 
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1 Introduction and Statement of Results 

Let = (0, 1)^ and let be the Borel cr— algebra on Q. A random environment is an element 
u = {uji}i^z of Q distributed according to a stationary and ergodic probability measure P on 
JF). The random walk in the environment u; is a time-homogeneous Markov chain X = 
{Xn}neN on Z governed by the quenched law 

P^(Xo = 0) = l and P^(X„+i=j|X„ = «) = 

Let (Z^,^) be the canonical space for the paths of i.e. Q is the cylinder cr— algebra. 

The random walk in random environment (RWRE) associated with P is the process {X, u) 
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( UJi if j = i + l, 

\ 1-UJi if j = i- l. 



on the measurable space {QxZ^\j^®g) having the annealed probabihty law P = P ® P^^ 
defined by 



P(F ^G) = j P^{G)P{du), F eT, Geg. 



Since the process learns about the environment as time passes according to the Bayes rule, 
{Xn} is in general not a Markov chain under the annealed measure P. The model goes back to 
[T71 and, in physics, to [SI I2Z1 • In this introduction we briefiy discuss some basic results 
on the one-dimensional RWRE. We refer the reader to EH] for recent comprehensive 
surveys of the field. 

Recurrence criteria and possible speed regimes for the one- dimensional RWRE were es- 
tablished by Solomon [22] in the case where {un} is an i.i.d. sequence and carried over to 
general ergodic environments by Alili pp. Let 

Pn = , 

+00 



R{UJ) = 1 + ^PoP-l ■ ■ -P-n, (1-1) 



n=0 

To = 0, and for n G N, 

Tn = mm{k : Xk > n} and r„ = T„ - T„_i. (1.2) 

Xn is a.s. transient if Epilog po) 7^ and is a.s. recurrent if £'p(logpo) = 0. Moreover, if 
£'p(logpo) < then (see [23 Sect 2.1]) lim„^oo IP(Ar„ = +00) = 1, T„ are a.s. finite, {r„} is 
a stationary and ergodic sequence, and we have the following law of large numbers: 

Vp := lim — - = lim = — — - = ; — , P — a.s. (1.3) 

n n^+ooTn E(ri) 2Ep{R)-V ^ ' 

Thus, the transient walk X„ has a deterministic speed vp = lim„^oo-^n/^ which may be 
zero. 

Solomon's law of large numbers for the transient walks in i.i.d. environment was com- 
pleted by limit laws in the work of Kesten, M. Kozlov, and Spitzer jTHj. The limit laws for 
the RWRE X„ are deduced in jTHj from stable limit laws for the hitting times T„, and the 
index n of the stable distribution is determined by the condition 

Ep{pl) = 1. 

In particular, under certain conditions the central limit theorem holds with the standard 
normalization ^/n, and this case was extended to stationary and ergodic environments by 
Alili |T], Molchanov [TH] and Zeitouni [2EI Sect 2.2], see also Bremont [7j. 

In this paper we obtain limit laws for X„ for environments which are pointwise transfor- 
mations of a stationary ergodic Markov process which satisfies Assumption II . 51 below. These 
laws are related to stable laws of index k G (0, 2], where, under the assumptions below, k is 
determined by 

A{k) = , where A{p) := lim - log Ep (UZo p-) ■ (1-4) 
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More precisely: 

Basic setup: On a state space S equipped with a countably generated a— algebra T, let 
{xn}n& be a stationary Markov chain, such that a;_„ = uj{xn) (and hence = p(x„)) for 
measurable functions p, : 5 ^ M. We denote by H{x,-) the transition probability measure 
of (x„), by vr its stationary probability measure, and use the notation H{x,y) to denote 
H{x, {y}) for a single state y & S. With Pj; denoting the law of the Markov chain with 
Xq = X, the reader should not confuse and P^^. 

We shall say that the process logp_„ is a-arithmetic (c.f. [22,2]) if a > is the largest 
number for which there exists a measurable function 7 : 5 — > [0, a) such that 

P(logpo G 7(a;_i)-7(xo) + aZ) = 1, P - a.s. 

The process will be said to be non-arithmetic if no such a exists. 

Assumption 1.5. 

(Al) Either 

is a finite set and the Markov chain (x„) is irreducible, (1-6) 

or, there exist a constant Cr > 1 and a probability measure on [S, T) such that for some 
m G N, 

c; V(^) < H'^ix, A) < Cr^{A) yxeS,AeT, (1.7) 

where the kernel H"{x,A) is defined inductively by H^{x,A) = 1a{x) for all x & S,A eT 
and H'^ix, A) = //"-^(x, dy)H{y, A), n > 1. 

(A2) P(e < c^o < 1 - e) = 1 for some e G (0, 1/2). 

(A3) hmsup^^^ i log^P (11^=0^ pf) < and limsup„^^ ^ log^p {jTiZi pf ) > for some 
constants /5 > and /?' > 0. 
(A4) logpo is non- arithmetic in the sense defined above. 

Note that condition (Al) refers to the underlying Markov chain (a;„), whereas conditions 
(A2)-(A4) refer to lu itself. Assumption ()1.6p is not a particular case of assumption p.7|) 
since under (II. 6|) the Markov chain (xn) may be periodic. Under (Al), the environment u is 
an ergodic sequence (see e.g. jTUl p. 338] or [THl Theorem 6.15]). Condition (A3) guarantees, 
by convexity, the existence of a unique k in ()1.4|) . Indeed it will be shown later that the 
limsup is in fact a lim . It also follows from (A3), by Jensen's inequality, that Epilog po) < 0, 
so that Xn is transient to the right. For future reference we denote 

Cp = (1.8) 
e 

and note that by the ellipticity condition (A2), P{Cp^ < po < Cp) = 1. 

For K G (0, 2] and 6 > we denote by £^,6 the stable law of index n with the characteristic 
function 

log4,(t) = -6|tr (l + ^^f.{t)] , (1.9) 
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where f^it) = — tan^/t if /t 7^ 1, = 2/7rlogt. With a shght abuse of notation we use 
the same symbol for the distribution function of this law. If k < 1, is supported on the 
positive reals, and if k G (1, 2], it has zero mean fn\ Chapter 1]. Our main result is: 

Theorem 1.10. Let Assumption ll. 51 hold. Then there is a unique k > such that ()1.4|) and 
the following hold for some b > : 

(i) Ifne (0, 1), then lim™ P (ri-'^X^ < 3) = 1 - C^Ar^'"")^ 

(a) If K, = 1, then lim„_+oo IP('^""'^(logn)^(X„ — 6{n)) < 3) = 1 — 3), for suitable Ai > 

and S{n) ~ {Ai \ogn)^^n, 

(ill) Ifne (1, 2), then lim„_oo P (^"'/" (X„ - nvp) < 3) = 1 - C^A-^)- 
(iv) //k = 2, then lim^^oo P (('^logn)~^/2(X„ - nvp) < 3) = C-2A})- 

In the setup of Theorem II. 101 it is not hard to check, and follows e.g. from (23 Theorem 
2.2.1], that the standard CLT holds if k > 2. 

As in ^21; stable laws for X„ follow from stable laws for the hitting times T„, and we 
direct our efforts to obtaining limit laws for the latter. We have: 

Proposition 1.11. Let Assumption I i . ,51 hold. Then there is a unique k > such that ()1.4|1 
and the following hold for some b > : 

(i) Ifne (0, 1), then lim„^„o P (^~'/"T„ <t) = C^ i{t), 

(a) If K = 1, then lim„^oo P('T-~"'^(^n — nD{n)) < t) = C^i{t), for suitable cq > and 
D{n) ~ Co logn, 

(ill) If KG (1, 2), then lim„_oo P (^"'/" (T„ - nVp') < t) = C^i{t). 
(iv) IfK = 2, then lim„^oo P ((^^ logn)-i/2(r„ - nvp^) < t) = C^ i{t). 

The proof that Theorem 11.101 follows from Proposition 11.111 is the same as in the i.i.d. 

case, and is based on the observation that for any positive integers 77, (, n 

{Tc >n}c {Xn < C} C {rc+, > n} \J{ mi - {( + v) < -v}- (1-12) 

Because the random variables inffc>T'^^^ Xk — {( + v) infA;>o-^fc have the same annealed 
distribution, the probability of the last event in ()1.12|) can be made arbitrary small uniformly 
in n and ( by fixing 77 large (since the RWRE X„ is transient to the right). For k = 1, the 
rest of the argument is detailed in [T31 pp. 167-168], where no use of the i.i.d. assumption 
for (jj is made at that stage, and a similar argument works for all k G (0, 2]. All of our work 
in the sequel is directed toward the proof of Proposition 11.111 

Following the analysis of T„ is best understood in terms of certain regeneration 
times Un, with excursion counts between regenerations forming a branching process Z„ with 
immigration in a random environment (see Section for precise definitions). In the i.i.d. 
setup, the total population of the branching process between regenerations, denoted Wn, 
forms an i.i.d. sequence, and much of the work in is to establish accurate enough tail 
estimates on them to allow for the application of the i.i.d. stable limit law for partial sums 
of Wn- The limit laws for T„ then easily follow from those for Wn- 
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In our case, the sequence Wn a-priori is not even stationary. However, using the re- 
generation property of the underlying Markov chain ( Section EIH) , we introduce 
in Section 12.21 modified regeneration times z/„ (a random subsequence of z/„) such that the 
total population of the branching process between times Un and z/„+i, denoted by Wn+i, is a 
one-dependent stationary sequence. This sequence is i.i.d. if either ()1.7|) with m = 1 or p.6|) 
hold. Again following the proof in ^H], we obtain tails estimates for the random variables 
yielding the stable limit laws for T„ stated in Proposition II. Ill Similarly to the i.i.d. 
case, the key to the proof is the derivation of tails estimates obtained in Section EHl for the 
random variable R defined in (jl.lj) . 

We conclude the introduction with a characterization of the speed vp under Assumption 
11.51 which will not be used in the sequel. Recall that p„ = p(x„) for a measurable function 
p : iS — s> M. If K < 1, then vp = 0, and if k > 1, then Vp^ = Ep(^p{xo)^{xq)) , where the 
function ^ : 5 — (0, oo) is the unique positive and bounded solution of the equation 



This formula is essentially due to Takacs who considered finite-state Markov environ- 
ments. The proof in the general Markov case is included at the end of Section 12.11 

The rest of the paper is organized as follows. Section |2l divided into three subsections, 
contains the proof of Theorem ll.l()| except for the proofs of two propositions which are 
deferred to the Appendix. In Subsection 12.11 some basic properties of Markov chains that 
satisfy Assumption 11.51 are described. In particular. Condition B is introduced and shown to 
hold under Assumption 11.51 In Subsection 12. 2[ Condition C^ is introduced and Proposition 
11.111 is derived from it and Condition B, making use of the above mentioned branching 
process and a regeneration structure it possesses. Finally, Subsection 12.31 is devoted to the 
proof that Condition C^ holds under Assumption 11.51 



2.1 Some properties of the underlying Markov chain and their 
consequences 

We summarize here, using the framework of the Athreya-Ney and Nummelin theory of pos- 
itive recurrent kernels (cf. |S1E1C2]), some properties of the Markov chain that follow 
from Assumption 11.51 The main objectives here are to introduce the regeneration times A^^^ 
and to obtain the Perron- Frobenius type Lemmas 12.61 and 12.81 One immediate consequence 
of these lemmas is that Condition B introduced subsequently is satisfied under Assumption 



First, we define a sequence of regeneration times for the Markov chain If ()1.6|1 holds, 
let X* G iS be any (recurrent) state of the Markov chain (x„) and pick any r G (0, 1). Let 
(l/n)nez be a sequence of i.i.d. variables independent of (a;„) (in an enlarged probability space 
if needed) such that P{yo = 1) = r and P{yo = 0) = 1 — r, and let 




(1.13) 
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Proofs 



No = 0, Nn+i = mm{k > : Xn = x*, = 1}, n> 0. 
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Then, the blocks (x^ _J are independent, and identically dis- 

tributed for n > 1. Note that between two successive regeneration times, the chain evolves 
according to the sub-stochastic Markov kernel defined by 

H{x, y) = 0(x, y) + rl{y=^,yH{x, y), (2.1) 

that is 

P,ix,=y,N,>l) = Q{x,y). (2.2) 

If p.7|) holds, then the random variables can be defined by the following procedure (see 
|19j and j2|). Given an initial state Xq, generate Xm as follows: with probability r < 
distribute Xm over S according to ip and with probability 1 — r according to 1/(1 —r) • 6(xo, ■), 
where the kernel B(x, ■) is defined by 

H'^{x,A) = e{x,A)+rtlj{A), xeS,AeT. (2.3) 

Then, (unless m = 1) sample the segment (xi,X2, . . . ,Xm-i) according to the chain's con- 
ditional distribution, given xq and Xm- Generate X2m and Xm+i,Xm+2, ■ ■ ■ ,X2m-i in a sim- 
ilar way, and so on. Since the "r-coin" is tossed each time independently, the event "the 
next move of the chain {xmn)n>o is according to ip" occurs i.o. Let Nq = and {A^fc}fe>i 
be the successful times of its occurrence multiplied by m. By construction, the blocks 

J are one-dependent (if m = 1 they are actually independent), and 
for n > 1 they are identically distributed {x^^ is distributed according to ip). 

Let us summarize the most important property of the regeneration times Nn as follows. 
For n > 0, let 

Dn = « 5 -^iv^ +!)•••) , 1 -1 ) • (2-4) 

^ n n • n+l ' 

Then: 

• The random blocks Dn are identically distributed for n > 1. 

• If p.6|) or ()1.7|) with m = 1 hold, Dn are independent for n >0. 

• If p.7|) holds with m > 1, Dn are one-dependent for n > 0. 

In both cases under consideration (either of (jl.6|) or of (jl.7p ). there exist constants l,S > 0, 
such that (cf. [S^) 

inf P^{Ni <l)>6>0. (2.5) 

The regeneration times Nn will be used in Section 12.21 for the construction of an auxiliary 
sequence Wn of stationary and one-dependent random variables playing a central role in the 
proof of Proposition 11.111 

We now turn to a Perron-Frobenius type theorem for positive finite kernels, having in 
mind applications to the kernels of the form K{x,A) = (YYi=o P-i'^ E A^ . In the fol- 
lowing two lemmas, we consider separately the cases of non- finite (assumption p.7|) ) and 
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finite (assumption (jHH)) state space S. In particular, the properties of tlie positive kernels 
described in these lemmas imply Condition B introduced below and are essential for the 
proof of the crucial Proposition 12.381 

Let Bf, be the Banach space of bounded measurable real-valued functions on {S, T) with 
the norm ||/|| — sup^g^ A positive and finite kernel K[x,A) (a measurable function 

of X for all A ^ T and a finite positive measure on T for all x E S) defines a bounded linear 
operator on Bf, by setting Kf{x) = K{x, dy)f{y). We denote by r^^ the spectral radius of 
the operator corresponding to the kernel K, that is 

r,, = hm VW^\ = lim ^\\K-\\b,^b,, 

n — *oo n — >oo V 

where = 1. 

Although the results stated in the following lemma are certainly well-known and appear 
elsewhere, their proofs are provided for the sake of completeness. 

Lemma 2.6. Let K[x, A) be a positive kernel on {S, T) such that for some constant c > 1 
and probability measure ip, 

c" V(^) < K{x, A) < ctPiA), Vx G 5, AeT. (2.7) 

Then, 

(a) There exists a function f E Bi, such that infa,/(x) > and Kf = r^^f. There exists a 
constant Ck > 1 such that C^^r"^ < K"^l < Cxr^ for all n eN. 

(b) If K = K]^ for a positive finite kernel Ki(x,A) and some m G N, then r^^ = r^™ and 
there exists a function fi E Bf, such that inf^. fi{x) > and i^i/i = r^J"^fi. 

Proof. 

(a) The existence of a function / : iS — > (0, oo) and a constant A > such that Kf = Xf 
follows from the Example in [T^ p. 96]. It follows from (|2.7p that f{x) is bounded away 
from zero and infinity, i.e. < f{x) < c^, for some > 0. Hence, for any n > 0, 
fsT"! < c^K^f = c^X'f < c^X^. Similarly, K''l > c'^A". That is, A = r^. 

(b) Set/i = Er=o'(l/rJ^/™i^^/. □ 
The finite-state counterpart of the previous lemma is stated as follows: 

Lemma 2.8. Let S = {1,2, . . . ,n} and K{i,j) be an irreducible n x n matrix with nonneg- 
ative entries. For some constants r E (0,1) and j* E {l,...,n} define the matrix Q{i,j) 
by 

K{i,j) = e(^,j) +rl{,=,*}ir(^,j), 1 < < n. (2.9) 

Then, 

(a) Assertion (a) of Lemma \2. 61 holds for the matrix K. 

(b) There exists a function g E Bf, such that mlr^g{x) > and Qg = r^g. 
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(c) G (0,r^). 

Proof. Since and K have the same adjacency matrices {K{i,j) = iff = 0), G is 

irreducible as welL Assertions of (a) and (b) follow then from the Perron- Frobenius theorem. 
Clearly ^ ^k- Since r^^f > Qf, the equality r- = r^, would imply [T^, Theorem 5.1] that 
f = g and Qf = rj^f = Kf, that is impossible since / > everywhere. Hence < r^^. □ 

Since for any /3 > 0, 

(UZl {p^,r) = pixfHlHix), (2.10) 

where Hj3{x, dy) = H{x, dy)p{y)^, it follows from Lemmas 12 . (jl and l2 . 81 that for some constant 
C/3 > 1 which depends on /? only, 

c^V^ < (UZl (p_fc)^) < c^r^, xeS, nen, (2.11) 

where = r^^. Therefore, the following Condition B is satisfied under Assumption 11.51 
With future applications in mind, we make the formulation suitable for non-Markovian 
ergodic environments. Let 

J^o = (^{^n ■■n>0) (2.12) 
be the a— algebra generated by the "past" of the sequence {u^n}- 

Condition B. {u^n} is a stationary and ergodic sequence such that 
(Bl) Ellipticity condition: P{e < ujq < 1 — e) = 1 for some e G (0, 1/2). 
(B2) For any (3 > 0, 

hm - logEp (UlZl p!, I^o) = A(/5), a.s., (2.13) 

with uniform (inuj) rate of convergence, with A{j3) as in ()1.4j) . Further, there exists a unique 
K> such that A{k) = 0, and A(/5)(/5 - k) > for all (3 > 0. 

The last statement follows since A(/3) is a convex function of (3 in [0, cxd), taking both 
negative and positive values by Assumption (A3), with A(0) = 0. 

We conclude this subsection with the proof of ()1.13|) . It follows from ()1.3p . ()1.1|) and ()2.11|) 
that vp = for k < 1. Assume that k, > 1 and consider the following decomposition for the 
hitting time Ti defined in ()1.2|) ): 

Ti = l{Xi=l} + l{Xi=-l}(l + ^0 + ^0' 

where 1 + Tq is the first hitting time of after time 1, and 1 + Tq + t[ is the first hitting time 
of 1 after time 1 + Tq . Taking expectations in both sides of the equation (first for a fixed 
environment and then integrating over the set of environments) gives 

E(ri|xo = x) = l + p{x) (1 + E(t^'|xo = x)) . 
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Since E(rQ |xo = x) = E(ri|xi = x) = /^E(ri|xo = y)H{x,dy), we obtain that the function 
^{x) := E(ri|xi = x)/p{x) solves equation ()1.13p . RecaUing the operator Hi : f{x) — >■ 
H{x,dy)p{y)f{y) acting on Bb, it follows from identity (j2.11|) and Condition B, that 
its spectral radius is strictly less than one, and a simple truncation argument (by (jl.l3p . 
C,M < Hi^M + 1 + l/P' where ^m^x) := E (min{ri, M}|a;i = x) / p{x) for a constant M > 0) 
shows that ^(x) is a bounded function of x, yielding that E(ri) = Ep(^p{xo)^{xo)) . This 
implies ffrT!?|l by jOl) (Lemmas 2.1.11 and 2.1.17 in [28\). 

2.2 The branching model and its regeneration structure 

We consider here a branching process {Zn} in random environment with immigration closely 
related to the RWRE (see e.g., [H HSl I2H] ) • The random variables T„ are associated by ()2.14|) 
to the partial sums of the branching process Zn- This leads us naturally to the variables Wn, 
defined in ()2.22j) . which are random partial sums of Z„. The aim in introducing the branching 
process is to transform the limit problem of T„ into a limit problem for the partial sums of 
the sequence Wn, which turns out to be a stationary and one-dependent sequence in a stable 
domain of attraction. 
Let 

UJ" = i^{k<Tn: Xk = i, Xk+i=i-l}, i,neZ, 
the number of moves to the left from site i up to time T„. Then 

n 

T„ = n + 2^[/f. (2.14) 

i=— oo 

When = 0, U^_i, . . . , f/"_i+i and a;„_i . . . , Un-i are given, f/;^_. is the sum of f/"„i+i + l 
i.i.d. geometric random variables that take the value k with probability Un-i{^ — uin-iY, 
A; = 0, 1, . . . Assuming that the RWRE is transient to the right we have: 

t/f < total time spent by {Xt} in (— oo; 0] < oo a.s. (2.15) 

Therefore, in order to prove the limit laws for T„ it is sufficient to prove the corresponding 
result for the sums Yl^=i ^i- These sums have the same distribution as 

n-l 

Y,Zk, (2.16) 

fc=0 

where Zq = 0, Zi, Z2, . . . forms a branching process in random environment with one immi- 
grant at each unit of time. 

Without loss of generality, we shall extend the underlying sample space (fi x Z^) to 
{Q X T) , where T is large enough to fit not only the random walk but also the branching 
process, and assume that (and hence P) is suitably extended. 

Thus, when u and Zq, . . . , Zn are given, Zn+i is the sum of Z„ + 1 independent variables 
Vn,o, Vn,i, • • • , Vn,z„ each having the geometric distribution 

PAVn,j = k}= cu_.„(l - cu_„)^ A; = 0, 1, 2, . . . (2.17) 
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Extending (ITT^ . let for n G N, 

Tn = (y {Zq, Zi, Z2,..., Zn-i, Z„) V a (ujj : j > -n) , (2.18) 

that is, the cr-algebra generated by the branching process {Zi}^^^ and the environment 
{^i}iZ-n+i before time n. 

As in the random variables 

z/Q = 0, J^n = niin{A; > u^-i : Zj, = 0} 

are the successive stopping times at which the population becomes extinct, and the variables 

k=l/n-l 

measure the total number of individuals born between two such extinction times. 

Recall the definition of the a— algebra JFq given in (j2.12j) . The proof of the following 
proposition, which is a modification of Lemma 2 in ^3] adapted to non-i.i.d. environments, 
is included in Appendix 1X1 

Proposition 2.19. Assume that Condition B holds. Then, there exist Ci, C2 > such that 
P - a.s., P(z/i > n\J^Q) < Cie~^^"', for any n > 0. 

The following corollary is immediate since 6*1,6*2 above are deterministic. 

Corollary 2.20. Assume that Condition B holds. Then, with probability one, P(^'j+i — 
Uj > n\J^y.) < C*ie"'"^"', for any j > and n > 0, where the constants C*i, C*2 > are the 
same as in Proposition \2. IfA 

Let {Nk}'^^Q be the sequence of successive regeneration times for the chain (x^) defined 
in Section YH\ let z/q = 0, and for n > define the stopping times: 

Vn+i = inf{fc > Vn '■ k = Vi = Nj for some z,j > 0}, (2-21) 

and the random variables 

W„+i= Zk. (2.22) 

k = Un 

By construction of the random times A^„, the segments of the environment between z/„ and 
Un+i — 1 are one-dependent (see ()2.4p and the subsequent summary), and hence the variables 
{Wn}n>i form a one-dependent sequence, which is even independent if either p.fij) or p.7|l 
with m = 1 hold. 

Lemma 2.23. Let Assumption \l . ,51 hold. Then, 
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(a) The distribution of vi, conditioned on the "past" has exponential tails: there exist Ki, 
K2 > such that P — a.s., 

F{ui > n\J^o) < Kie-^^"", Vn > 0, (2.24) 

and, more generally, 

P(z>,+i - > nl^pj < iTie-^^" (2.25) 

for any j > 0. 

(b) The law of large numbers holds for Un '■ P (^lini„^oo ^ — — where fi = K{h'2~^i) > 0. 

(c) The central limit theorem holds for z/„ : there exists a constant b > such that the law of 
{vn — nfi) I ^Jn converges to £2,6- 

Proof. 

(a) Clearly, it is sufficient to prove ()2.24j) . since the constants Ki and K2 are deterministic. 
Let Fi = {Zi = 0}, and for 2 < j < I, where / is defined in fl2.5|) . 

Fj = {Zi = Z2 = . . . = Zj^i = 1, Zj = 0}, 

and 

Sj = {xeS:P,{N,=j)>6/l}. 
Then Uj=i '^j = have for x E Sj : 

r{ui = Ni< l\xo = x) > ¥{Fj n {iVi = j}\xo = x) = 

= P,(iVi = j)¥{Fj\xo = X, iVi = j) > yP(F,|xo = x,N,= j). 

Using the ellipticity condition (A2), we obtain that P — a.s., P^(Fi) = ujq > e, and for 
2 < J < /, 

fe=i 

implying that P(z/i = Ni < l\xo = x) > 5/1 ■ e^\l — e)'^^ > for P— almost every x E S. 
Thus, in view of Corollary I2.2()| vi is stochastically dominated by a sum of a geometric 
random number of i.i.d. variables with exponential tails, yielding ()2.24|1 . We note in passing 
that, in view of the uniform bounds in the proof above, the same argument yields uniform 
exponential tails for the distribution of z/j+i — Vi conditioned on a{ujj,j > — z/j}. 

(b) Follows from ()2.24|) and the ergodic theorem, since Un+i — i^n, n > 1, are one-dependent 
identically distributed variables. 

(c) Follows e.g. from the CLT for stationary and uniformly mixing sequences [lOt p. 427]. □ 
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Recall the function R^u) defined in ()1.H) . We shall prove in Subsection 12.31 that under 
Assumption 11.51 the following condition holds for some k > 0. 

Condition C^. There exists a strictly positive random variable function K{uj) such that for 
some positive constants K^, K^^, tc the following hold P — a.s. : 

f'P {R > t\J^o) > Ki Vt > and t^P (R > t\J^o) < \/t > 0, (2.26) 



lim f'P {R > t\J^o) = K{uj). (2.27) 

t—*oo 

It follows from ()2.26p and ()1.3|) that the case k, < 1 corresponds to zero speed, and the case 
K > 1 to a positive speed. Note that if Condition C^ and Condition B hold simultaneously, 
then K = K. 

For n > 1 let 

n 

where the random variables W j are defined in ()2.22|) . The next proposition is an analogue 
of ^3 Lemma 6] for non-i.i.d environments and is applicable for non-Markov environments 
too. 

Proposition 2.28. Assume Conditions B and C^. Then, for anyn > 1 there exist constants 
tn,Ln,Jn > and a strictly positive random variable Kn{uj) such that the following hold 
P - a.s. : 

Jn < t'^P {Wn > t|J^o) , yt>tn and f'F (Wn > t\J^o) < Ln, Vt > 0, (2.29) 

and 

lim f'F (Wn > t\J^o) = Kn{uj). (2.30) 

Remark 2.31. 

(i) The proof in fJ^ of the i.i.d. analogue of Proposition \2.2^ works nearly verbatim with 
Conditions B and C^ compensating for the lack of independence of uj. Nevertheless, since the 
proof is rather long and technical, its detailed modification is included in AppendixTBi 

(a) The proposition remains valid with the random variables Wn replaced by the variables 
Wn = Yl^=i^ri- The proof is essentially the same, the only (obvious) difference being that 
Proposition can be applied directly instead of (j2.24p . 

(Hi) Just as with Corollaru \2.21A and Lemma \2.2'J^ (a). Proposition \2.2^ implies the corre- 
sponding uniform estimates for the tails P ( Wm+n — Wm > t\J-'p^ ) as well, for every m > 1. 
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By the bounded convergence theorem, ()2.29|) and ()2.30|) yield 



lim t^¥{Wn >t) = Ep{Kn) G (0, oo). (2.32) 



Note that if either or (jl.7|) holds with m = 1, the random variables Wn are independent, 
and the limit laws for their partial sums follow from the standard i.i.d. limit laws [TH I21j. 
More generally, we have: 

Proposition 2.33. Let Assumption \l.5\ hold. 

(a) Assume that k ^ 1. Let Bn = n^^'^ if ^ (0, 2), = (nlogn)^/^ if k = 2, and = if 
K G (0, 1), An = nE{W2) if 1^ (1)2]. Then, ~ An^ / Bn converges in distribution to a 
stable law of the form . 

(b) Assume that k, = 1. Then, there exist a sequence D{n) ~ logn and a positive constant Cg 
such that the law of {Wn — ConD{n)^ converges to a stable law of the form ()1.9|) . 

Proof. The random variables Wn are identically distributed and one-dependent for n > 2 
(see the summary after (|2.4j) . and note that we start from n = 2 because the slightly different 
law of Wi). Clearly, it is sufficient to show that the appropriately normalized and centered 
sums Sn = YTj=2^ j converge to a stable law of the form ()1.9|) . For k < 2, apply [121 
Corollary 5.7], noting that the uniform estimates of Proposition 12.281 implv that 

V £ > 0, V J > 3, n¥ (W2 > er^l/^ Wj > en^/^) ^n^oo 0, 

which is the tail condition needed to apply Corollary 5.7 of Kobus |16j . 

In the case k = 2, we note first that W2 and W2 + both belong by Proposition 12.281 
to the domain of attraction of a normal distribution. We seek to apply the limit theorem in 
1211 p. 328], for which we need to check that 5*2 = W2 and 5*3 = W2 + have different 
parameters hi = lim„^oo ^"1? (Si > t) ,i = 2, 3. But, 



63 = hm (W2 + W3>t)> lim f'F (W2 <t,W3>t) + lim t^F (W3 < t,W2 > t) 

t^oo t—*oo t^oo 

= Hm {W3 > t\W2 <t)F {W2 <t) + hm f'F {W2 >t)F (W3 < t\W2 > t) 

> Ji + 62 > &2, (2.34) 

where Ji is the constant appearing in ()2.29|1 . and we used the uniform exponential estimates 
of Proposition 12.281 and the fact that P (W3 < t\W2 > t) ^t~>oo 1 which is also implied by 
these estimates, as can be seen by conditioning on the environment to the right of — z/2. 
Here and in the remainder of the proof, any reference to Proposition 12.281 actually includes 
Remark \2.'S1\ fiii). We have 

lim P (W3 < t\W2 >t) = lim E (P [W^ < t\J^^^ \W2 > t) . (2.35) 
By Proposition I22H1 

P (W3 < tlJ^pJ > 1 - Lit"'^, P-a.s., 
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implying that the limit in ()2.35p exists and is equal to 1. Therefore, by ()2.34|) and since we 
know a-priori from ()2.30|) that 63 = \imt_oo t^F{W2 + > t) is well-defined, the following 
limit exists and can be bounded below by using (j2.29|) : 



lim (W3 > t\W2 <t) = lim t^'E (P (W3 > t\J^p,) \W2 < t) > Ji. 
This completes the proof of the proposition. □ 

Completion of the proof of Proposition 11.111 The limit laws for T„ announced in 
Proposition 11.111 are obtained from stable laws for partial sums of Wn in the same way as 
in PH], by a standard argument using Lemma f2. 231 To illustrate the argument we consider 
here the case k = 2, omitting the proof for k G (0,2). Let ({n) = max{i : t/j < n} and 
q{n) = [n/ fi — Cy/n\ for a constant C > 0. Using part (c) of Lemma I22S1 we obtain, with 
/i = E(z72 - z/i), 

liminf P (C(n) > n//i - C^/n) > lim P (z/,(„) < n) 

n— >oo n~>oo 

= hm P f -"t^^ < ^-'^^ ] =C2^ (C/.^/^) . 



Hence, for all e > and some C = C{e) > and all n > N2{e), P (C(^) ^ n/ fi — C\pn) < e. 
It follows, letting a = K(W2), that for any n large enough. 



P ^^=1 ' <x] < P > Wi<xy/n\ogn + na/fi 

\ ^/n\ogn I / > 

/ [n/M-Cv^)] 

— ^ ^ — ^V''^ logn + na/fj, +£^£26 (^v^) + ^' 

where £3 b is the limiting law for sums of Wn- Similarly 



p 



A/n logn 



N /CW + 1_ ^ 

< X j > P j H^fc < x^/n logn + na/ fi 



— ^ — logn + an/ /i — £ ^ £3 fe (^^v^) ~ ^• 

Since e was arbitrary. Proposition 11.111 now follows from the limit laws for partial sums of 
Zn by ()2.14|l - ()2.1fi|l . Since the law defined by ()1.9j) has expectation zero, vp = a/ fi = lE(ri), 
where ti is defined by fjl.2j) . □ 
As shown in the Introduction this completes the proof of Theorem 11.101 
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2.3 Tails of distribution of the random variable R 

The aim of this subsection is to prove that Condition holds for some k, > 0. Proposition 
l2.38l below extends the following theorem, valid in the i.i.d. setup, to some Markov-dependent 
variables. 

Theorem 2.36 (Kesten). '14'' Theorem 5] Let {Qn,Mn), n eN, be independent copies of 
a M.'^-valued random vector {Q,M), satisfying the following conditions: 

(i) P{M > 0) = 1 and P{Q > 0) = 1. 

(ii) For some k > 0, E (M'") = I, E (Af" log+ M) < oo, and EiQ") < oo. 

(Hi) The law oflogM is non-lattice (its support is not contained in any proper sublattice 
ofR) and P{Q = (1 - M)c) < 1, Vc G M. 

Then there exists a constant K > such that 

lim t^P{R >t) = K, (2.37) 

t—*oo 

where R ■= + Mi{Q2 + M2(Q3 • • •))• 
We have: 

Proposition 2.38. Let Assumption ^. 5\ hold. Then Condition is satisfied for the k > 
defined by (fri|) . 

Proof. If either fll.(i|) or ()1.7|1 with m = 1 hold, this proposition can be deduced rather 
directly from Kesten's theorem. It will be convenient to give a separate proof for the case 
where the state space S is finite, i.e. under assumption ()1.6p . 

Assume first that ()1.6p holds. Then, it is sufficient to show that 

:= lim > t) e (0, oo) 

exists for all x G 5. For n > 0, let 

N„+i-2 i Afn+i-1 

Q„ = 1 + i{iv„+i>jv„+2} 5z n = n p-^- 

i = Nn j = Nn i=Nn 

Then, (M„,Q„)„>i is an i.i.d. sequence, and R = Qo + Mo{Qi + Mi{Q2 + . . .)). First, we 
will show that Kesten's theorem is applicable to this sequence, that is the following limit 

K := lim t''P^(_R > t) e (0, oo) (2.40) 

t— >oo 

exists, where 

R = Qi + Mi{Q2 + M2(Q3 ...)), = Qo + M^R. (2.41) 
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Let /k be a strictly positive Perron- Frobenius eigenvector of the matrix Hi^{x,y) : = 
H{x,y)p{yY. By virtue of ()2.10p and Condition B, it corresponds to the eigenvalue 1. Recall 
now the definitions of the state x* and the matrix B from (j2.H) . By Lemma f2 .81 the Perron- 
Frobenius eigenvalue (the spectral radius) of the matrix Gk(x, ?/) = Q{x,y)p{y)'^ is strictly 
less than one. So, the vector normalized by the condition f k{,x*) {x*) = 1 is the unique 
positive vector in RI"^' solving the equation (/ — G^)/ = s, where s{x) := H{x,x*). Hence 
(this is a very particular case of the results of and ^[ Theorem 5.1] ) 



Ux) = pixr^E, [Ilp-^]=Yl ®"^(^) ' (2.42) 

\ 1=0 j n=0 

and 

/ATl-l \ 

" = ^p(Mf) = 1. (2.43) 




The second equality in (j2.42j) follows since the chain (xj) evolves according to the kernel G 
until A^i (see (j2.2j) ). while (j2.43p follows from the normalization condition fK{x*)p'^{x*) = 1. 

It is not hard to check that assuming ()1.6|) . condition (A4) is equivalent to the fact 
that log Ml is non-lattice, and that P{Qi = (1 — Mi)c) < 1 for any c G M (since clearly 
P{Mi > 1) > 0), as required to apply Theorem 12.361 In order to prove ()2.40|) . it remains 
to show that Ep{Q1) < oo and Ep (Mf log'^Mi) < oo. Thus, it is sufficient to prove that 
there exists (3 > n such that 

Ex{Qq) is a bounded function of x. (2.44) 

Since for any n G N and positive numbers {oj}"^! we have 

(ai + a2 + . . . anf < nf^ia^ + a^ + ...a^), 

we obtain for any P > and x E S : 

(oo n— 1 i— 1 \ ^ oo / n—1 i~l 

n=2 i=l j=0 J n=2 \i=l j=0 

oo n—1 / i~l \ 

< E(^-l)'E^4nAVi>n} • (2-45) 

n=2 i=l \j=0 / 

But E,, (n$liP^,l{^i>n}) = pixfQ^-%-H, where G^(x,t/) := G(x, y)p(i/)^. Since the 
spectral radius of the matrices G^ and G are strictly less than one, it follows from ()2.45|) 
that (ICTll holds for some f3 > n. This yields ((2301) • 

By (|2.4Up and the bounded convergence theorem, and since the random variables Mq and 
R are independent under the measure P^, the following limit exists: 

:= lim t'^P^iMoR > t) = KE^{M^) G (0, oo). 

t^oo 
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Fix any a e (|, l). It follows from ^IK^ and (IT^ that for alH > 1, 



t"P,(i? >t) < t'P-4Qo + MoR >t, Qo< r) + rP.iQo > n 

and 



rP.iR >t)= t^P^Qo + MoR >t)> t^P^MoR > t). 
We conclude, by taking the limit in the above inequalities as t ^ oo, that 

lim f^PcciR >t) = lim t^P^{MoR > t) = K^, 

t— >oo i— >oo 

completing the proof of the proposition in the case p.6p . 

Assume now that fll.7j) holds. First, we will prove that ()2.27|1 holds for some function 
K{u!) and constant K. We follow Goldie's proof ^2] of Kesten's Theorem l2.H(j[ Let 

7]{x) := logp(x), 

n-l 

IIo = 1, n„ = ]^p-fc, n>l, 

k=0 

rjn = logp_n, Vn = log II^ n > 0, 



n-l 



= = XI Ro = 0, Rn = J2 i?" = (i? - i?n)/n„, 71 > 1. (2.46) 

n=0 fc=0 

Following Goldie jl2j, we write for any numbers n G N, t e M, and any point z & S, 

n 
k=l 

We have, by using the identity R''~^ = 1 + p^k+iR'', 
PAe^^-'R^-^ > e*) - P.ie^'^R^ > e*) = 

[P(P'=-i > e*-"|x,._i = x) - P{p_,^,R^ > e*-"|xfe_i = x)]P,(\4_i G G c/x) 

= / / [P,(P > e*-") - P,.(P - 1 > e*-")]P,(\4_i G du,Xk-i G rfx). 

Thus, letting = e'^*P^(e^"P" > e*) and = e'^*[P^(P > e*) - P,(P - 1 > e*)]. 




n-l 



r,(t) := e"*P,(P > e') = J2 / /(^' ^ " «)e""n(V^fc G du, Xu G dx) + t). (2.47) 

A;=0 "^"^ "^^ 
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By Lemma Eini and ()2.10|) . there exists a positive measurable function h{x) : 5 — M bounded 
away from zero and infinity such that: 

hix) = J^Hix,dy)p%y)hiy). 

This imphes, by [TDI Theorem 5.2], that there is a probabihty measure Tr^ invariant for the 
kernel H^{x,dy) = H {x , dy) p'^ (y) , namely (since r^^ = 1 by ()1.4|) and ()2.10p ) 

J H,{x, A)7T,{dx) = 7T,{A), y AeT. (2.48) 

The measure Tih{dx) = h{x)T^i^{dx) is a finite invariant measure for the kernel 

H{x,dy) := ■j^H^{x,dy)h{y). 

The measure vr^ and hence tt/j are equivalent to the original stationary distribution n. Indeed, 
by jZlHl), 

J ff^ix, A)7r^{dx) = 7r,{A), ^AeT. 

Hence, by ()1.7|1 and the ellipticity condition (A2), c:^^Cp''"-ni^{A) < ^{A) < CrC^T(i^{A), where 
the constant Cp is defined in p.8|) . 

Let P be the probability measure under which the Markov chain {xk)k>Q is stationary and 
governed by the transition probability measure H{x, A). As usual we denote the conditional 
probabilities P{-\xo = x) by Px{-)- Then, 

rzit) = y2 I I f{x,t - u)^Jf^^P,iVk e du,xk e dx) + 5niz,t). 

t^^UJs p^{x)h{x) 

Since P — a.s., n„-R" — as n goes to infinity, P (liran-^oo Sn{z,t) = O) = 1, for any fixed 
t > and z E S. Therefore, P — a.s., 

r,(t) := e-'P^iR > e*) = V / / f{x,t- u)^^f^h{Vk G du,Xk G dx). 

^j^Q Jm Js P {x)n[x) 

We will use the following Tauberian lemma : 

Lemma 2.49. Lemma 9.3] Let R he a random variable defined on a probability space 
(r2, .7-", P). Assume that for some constants k, K G (0, oo), u'^P{R > u)du ~ Kt ast oo. 
Then f^P^R > t) ^ K. 

It follows from Lemma 12.491 that in order to prove ()2.27|) . it is sufficient to show that 
P — a.s. there exists 

lim f,{t) e (0,oo), 
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where the smoothing transform q is defined, for a measurable function g : M — > M bounded 
on (— cx),t] for all t, by 

q{t) := I e-^'-''\{u)du. 

Let 

t 



= ^^^k^) /I ^'^'"'^e-'-lPAR > e") - PAR - 1 > en]du 

/ v''[PAR> v) - P^R-l > v)]dv. (2.50) 
Jo 



Then, since rz{t) = h{z)p'^{z)Y2^^Q Ez{g{xk,t — Vk)), it is sufficient to show that for any 

oo 

\imy^EMxk,t-Vk)) (2.51) 

k=0 

exists and belongs to (0, oo). So, our goal now is to prove ()2.51|) . 

Toward this end, note first that the kernel H satisfies condition ()1.7|) and hence the chain 
(xn) is ergodic under the measure P. Further, the random walk Vn = Y^jZo Vj has a positive 

drift under the measure Px- Indeed, similarly to ^2] and ^3], we obtain for some c > and 
any 7 > 0, 

Thus, lim„^oo Px [Vn < — 7^^/^) = 0, implying £"^,^(770) > by the central limit theorem for 
bounded additive functionals of Doeblin recurrent Markov chains (see e.g. p. 134]). 

The limit in (j2.51|) follows from the version of the Markov renewal theorem as given in 
[21 Theorem 1] (see also IHHn]) when applied to the Markov chain (x^+i, p_„), provided that 
we are able to show that the following holds: 

g{x, ■) is a continuous function for -Kh — almost all x G iS, (2.52) 

and 

/ sup {\g{x,t)\}iTh{dx) < 00 for some S > 0. (2.53) 

Js „p:y nS<t<{n+l)S 
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The assertion ()2.52|1 follows from the continuity of v'^[Px{R > v) — Px{R — 1 > v)\dv 
in t for every x G iS. For some M > and any e G (0, 1), we get from (j2.5U|) : 

g{x, t) < Me"* / v''[Px{R > v) - P^iR - 1 > v)]dv 
Jo 

< Me-'' / t;"^^+"[P,(i? >v)~ P,{R - 1 > v)]dv < —e~''Ex[{RY^' - {R - 1)''+^], 
Jo ^ 

where the last inequality follows from [T^ Lemma 9.4]. Since for any 7 > and R > 1, 
(R)^ -{R- 1)^ < max{l,7}(/2)"^^^^i'T>"\ we obtain by Condition B that 

(7?-!)"+"] <L, 

for some constant L > independent of x, yielding ()2.53p and consequently ()2.27|) . In fact 
we have shown that the following limit exists vr — a.s. : 

lim f'PxiR >t)= Ki{x) G (0, 00). (2.54) 

We now turn to the proof of ()2.26|) . Fix any point x* G 5 for which ()2.54|) holds. Using 
(|1.8p and (|1.7|) . we obtain for any x E S and t > : 

P.{R >t)> PAc;"'R"' >i) = H^i.^^ dz)P,{c-"'R >t)> c;^PAc;"'R > t), 

and 

PxiR >t) < P^imd^ + c™i?™ > ^) = / dz)P,{md^ + d^R > t) 

< clPA^c'; + cJR>t). 

Thus, (IT^ follows from (E3ijl . □ 

Remark 2.55. It should he mentioned that essentially the same proof leads to similar tail 
estimates for random variables of the form R = 11^=0 '^^^^ ^ more general type 

of Markov-dependent coefficients {Qn,Mn) (e.g. Qn need not he deterministic and Mn need 
not he a.s. positive). This general result (under somewhat milder assumptions than those 
assumed in this paper, namely allowing for periodic Markov chains while relaxing the uniform 
hound (II. 7p on the kernels H{x, ■) ) can he found in '^201. While preparing the final version of 
the article for puhlication, we were kindly informed hy J. Bremont of the reference /P/ where, 
by using different methods, a result similar to Proposition \2. 38i is obtained for Markov chains 
in a finite state space. 



3 Summary and Final Remarks 

We have dealt with the random walk {Xn)n>o in ^ random environment u G [0, 1]^, associating 
with it an auxiliary Galton-Watson process (2'fc)fc>o with one immigrant at each instant and 
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random branching mechanism Geom{uJ-k)- 



Without stating it exphcitly the following theorem has in fact been proved. Let {Qn)nm be 
an augmentation of {cr{u!j : j > — Ti))„eN which generates the original quenched law, namely 
P(-|^n) = Puj{-), a.s.. Accordingly, let {J^n = cr{Zo, Zi, . . . , Z„) V ^„)„eN be (J^„)'s induced 
augmentation. 

Theorem 3.1. Assume the environment uj satisfies Conditions B and (for the k > 
involved in Condition B) introduced in Section\^ Furthermore, assume the existence of an 
increasing sequence of stopping times rjm, with rjo = 0, with respect to the filtration {J-'n)n>Q 
(defined in flTT^ and flTT5|) ) for which 

i) the LLN and CLT hold: there exist /i > and (tgM such that 

> a.s. and = — — >• N[0,a ) 

m \/m 



ii) for some 6 > 0, -g— ( Xlil" ~^ ^mj — ^ I^K,h (defined in ()1.9|) 1 

f =0 «:G(0,1) .1 «:G(0 2) 

where \ ~ Cimlogm k = 1 and = \ / , n i v ' 

^ n oi I (mlogmja K = 2 

= K G (1, 2J ^ ^ 

for suitable positive constants ci,C2. 



Then the random walk Xn satisfies a stable limit law in the sense that the conclusions {i)-{iv) 
of Theorem M.llA hold. 



In the Markov setup of this paper, and under Assumption II. 5| we have shown (see 
Lemma [2. 2HI and Proposition l2.HHjl that the environment uj indeed satisfies the conditions of 
Theorem 13.11 (with respect to the stopping times //„ = z/„), thus obtaining the stable limit 
laws in this case. 

It is easy to see that Theorem 11.101 can be extended for instance to the following setup 
of hidden Markov models. Let (x„)„gz be a Markov chain defined on a measurable space 
(iS, T) that satisfies (Al) and (A2) in Assumption 11.51 Assume that in the product space 
(5 X X T), 

P{{xn, uj^n) e Ax B\xn-i = X, a{{xi, uj_i) : i < fi ~ 1)) = H(x, Ax B) (3.2) 

for all n G Z, A G T, i? G JF, X G iS, where EI is a stochastic kernel on {S, T x B). Note that 
the Markov chain (x„,ci;_„) might not satisfy Assumption II. 5t so that Theorem II . 1 Ul cannot 
be applied directly. 

Let Q{x,y,B) = P(cj_„ G B\ = y). Then, similarly to ()2.10|) . 




= pte-il(x), (3>0, 
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where the kernel Hp{x, ■) is now defined on (5, T) by 

Hp{x, dy) = H{x, dy) [ Q{x, y, dz)p^{z). (3.3) 

From the eUipticity condition (A2) it follows that po ^ ('^p^^Cp) for some constant Cp > 0, 
and we obtain that C^^H{x, dy) < H^^x, dy) < CpH{x, dy), for a suitable constant Cp > 0. 
Thus, Lemma f2. 61 is in force for the kernel Hp defined by ()3.3p . 

The non-arithmetic condition needed to apply a Markov renewal theorem Theorem 
1]) now takes the form: 

Definition 3.4. fl^ |2] The process log p_„ is called a-arithmetic if a > is the maximal 
number for which there exists a measurable function 7 : iS — >■ [0, a) such that 

P (log Po ^ 7(3;) — 7(1/) + a ■ Zf|x_i = x,Xo = y) = 1, P — a.s. 

The process is called non-arithmetic if no such a exists. 

We have: 

Theorem 3.5. Assume that the underlying model Un = ^^{xn) in Theorem \l.l(M s replaced by 
(j3.2|) an that Assumption \l.^ holds. Then the conclusions {i)-{iv) of Theorem M.llA remain 
valid. 

The proof is the same as that of Theorem ll.lOl by using the regeneration times z/„ defined 
in (r2.21|l . The only exception is that in the definition of /(x, t) (a line before ()2.47|l ) we would 
condition on X-i rather than on xq. Correspondingly, in the definition of r\ (cf. ()2.47|l ). the 
integration would be with respect to the measure PxiVk G dv,Xk-i G dx). 

Appendix 

Recall JFq = a{u!k k > 0). For brevity, we denote the conditional probabilities P{-\J-'o) and 
P(-|JFq) by P+ and P+ = P+ ® Poj respectively. We usually do not indicate the argument 
uj of these functions meaning that the inequalities below hold P — a.s. We denote by 6 the 
shift on Q, given by {9uj)i = Ui+i. For an event A, the notation I{A) is used to denote the 
indicator function of A. 

A Proof of Proposition 12.191 

The key to the proof is 

Lemma A.l. f7^ (2.12)] Suppose that the environment oj is stationary and ergodic, and 
ap := Pp(logpo) < 0. Choose any 7 G (ap,0) and define 

n-l 

Un = 5^{logp_,-7} (f/o = 0), 

i=0 

Co = 0, Cfc+i = inf{^ > Cfc : f/n < f/cJ- 
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Then there exist constants K^, Kq > such that P — a.s., 

P.{yi > Ck) < i^5e-^«', A; > 0. 

Remark A. 2. This lemma is proved in ilSj for the special case 7 = ap/2, hut an inspection 
of the proof reveals that ap/2 can he replaced hy any constant hetween ap and zero in the 
definition of the random walk Un- 

By virtue of Lemma lA.ll it is sufficient to find 7 <G (ap,0) sucli tliat for some constants 
6 > and Kj, Kg > 

P+(Cfc > bk) < ir7e"^»^ k>0. 
Let ri{n) = max{j : (j < n} and recall Cp = (1 — e)/e. Since for any n > 0, 

r](n) 

for any A; > 0, the event {Ck+i > n} = {ri{n) < k} is included in {Un > —klogCp — k'j}. 
Therefore, for any 7 G (ap, 0) and 6 G N we have 

(bk~l 
5^1ogp-i > -A;logCp + A;(6-l)7 
i=0 

Let 7 = i ■ lim ^^/^^ , where A{(3) is as in ()1.4j) . noting that since A(/5) is convex, 7 is 

negative by Condition B and is greater than ap by Jensen's inequality. Hence, by Chebyshev's 
inequality and Condition B, we obtain for any fixed 6 > and /3 > small enough, 

hm^sup i log [P+ (Cfc+i >kb)] < /3 log Cp - (6 - 1)7/? + ^ = P (^log Cp + 7 + . 

Taking b > — 41ogCp/7 in the last inequality gives 

hm sup ^ log P+ (Cfe+i > kb) < (3{- log Cp + 7) < 0. 

k 

This completes the proof of Proposition 12. 191 



B Proof of Proposition 12.28 

As mentioned in Remark l2.31l /^z). this proof will follow the one of \V6\ Lemma 6] very closely, 
at times word by word, with the necessary changes made in annealed arguments to take the 
dependence of the environment into account. Quenched arguments, where no changes are 
needed, will be skipped. ^ ^ 

Throughout we fix a number n G N and denote W := Wn = Sj=i ^ ji ^ '■= ^n- Recall the 
filtration {J-'n)n>o introduced in ()2.12|1 and ()2.18|) . and for all A > define its stopping time 
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(;a = inf{n : Z„ > A]. The random variable W can be represented on the event {^a < ^} in 
the following form: 

w=Y,z^ + s,,+ y„, (B.i) 

n=0 i;j\<n<v 

where 

Zn^k = number of progeny alive at time k of the immigrant who entered at time n < k, 
Yn = Zn^k = ^{progeny of the immigrant at time n, not including the immigrant} 

k>n 

Sn = Zn + total progeny of the Z„ particles present at n. 

It will turn out that for large A, the main contribution to W in ()B.1|) comes from the second 
term and P+(iy > t) ~ P+(S'^^ > < t')- If an environment uj is fixed, then S^^ — Z^^ 
counts the progeny of Z^^ independent particles, and thus with a large probability S^^ is 
not very different from Z^j^{\ + = Z^j^R[Q~''^ijj)^ where the random variable R is 

defined by (jl.lj) . We will obtain 

lim t^P+ {W>t\ = lim lim rF+ (S,, >t,<;A<i>) = lim E+ (Z^K(e"'-^ujy, ?a < i>) , 

where the random variable KiuS) is defined by ()2.27|) . 

We shall then end the proof by showing that for all t and A large enough, E+ (^^; <^a < i^) 

and therefore t'^F+(W > t) ~ ¥,+ (^Z^^K{9~''^u!)](;a < is uniformly bounded away from 
zero and infinity by constants independent of uj. 

To carry out this outline, the three terms in the right-hand side of (jB.lj) are evaluated in 
the following series of lemmas, which are versions of the corresponding statements (Lemmas 
2-5) in [13j, and their proofs are deferred to the end of this Appendix. 

We start with the following corollary to Proposition 12.191 

Lemma B.2. Assume that Condition B is satisfied. Then, 

(a) There exist C3, C4 > such that P — a.s., P(z/ > n\J^o) < Cse"*"*", for any n > 0. 

(b) There exists a deterministic function rjt > 0, t > such that limt^oo"'?* = and 
P+(?A<^>) <VA. 

Fix now any 5 > 0. It follows from part (a) of Lemma fB.2l that for any A > 0, 



min{<;.4,£'} — 1 

P+ I Y Zn>5t\< P+(Az> > 5t) < Cse-^^-^*/^ = ait-"), t 



00, 



n=0 



and thus 

F+(W > St, c^A>i>)< P+(v4i> > St) < Cae"^*^*/^ = o(r'^), t 00, (B.3) 
Aa-1 

F+ij2Zn>St,<;A<i>]< P+(Az> > St) < Cge"^^^*/^ = o{t-''), t ^ 00. (B.4) 

V n=0 
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Lemma B.5. 

(i) There exists a constant Kg > such that P+ {Yq > t) < Kgt^^ for all t > 0. 
(a) For all 6 > there exists an Aq = Aq{6) < oo such that 



P. 



( Yl ^n>St]< St-'' for all A > Aq. (B.6) 



It follows from ()B.1|) . taking estimates ()B.3|1 . ()B.4|) and ()B.6|1 into account, that for any 
A > Aq{6) (where Aq is given by ()B.6|) ) there exists > such that 

P+(?A < i>, S,^ >t)< F+(W >t)< P+(^A < i>, S,^ > t(l - 26)) + 3St-^, (B.7) 

for all t > tA- Thus, W can be approximated by S^^. 

Recall the random variable R defined by Note that R{uj) = E;^{Yo), and, denote 

(as in ()2.4(i|l ) i?""^ = R{9~'^^uj). We have the following law of large numbers with random 
normalizing constant Z^^. 

Lemma B.8. 

(i) There exist functions Kiq = Kiq{A) > and Ku = Kii{A) > independent of u such 
that 

K,o{A) < E+(Z^^;^A < < Ku{A). (B.9) 
(a) For all 6 > there exists an Ai = Ai{6) such that 

P+ ( I - Z.^R"^^ I > 6t, ?A < z>) < 6t~''E+ {Z^^ ; < (B. 10) 

for A > Ai. 

It follows from ()B.7|) and ()B.10|) that for A and t sufficiently large, 

F+{qA < i>, Z,^R'^ > (1 + 5)t) - 5t-^E+{Z^^; < z>) < F+{W > t) 

< P+(^A < i>,Z,^R'^ > (1 - 35)t) + {3 + E+{Z^^;<iA < ^>)) • (B.ll) 

For a fixed A > 0, we obtain from Condition and the dominated convergence theorem 
that 



lim t"P+(^A < i>, Z,^R'^ >t) = lim t^E+ (l{qA < z>) ■ ¥+(Z,^R'^ > t\J^,^) 

= E+{I{^A < y) ■ Z^^ ■ K{e~'^uj)) = E+{Z^^ ■ K{e-'^uj)-c;A < z>), (B.12) 

and, with constants i^s and K/^ defined in ()2.26j) . 

K^E+{Z^;^- ^A<v)< t"P+(?A < i>, Z,^R'^ >t)< K^E+{Z^^; ^a < i>) 

for all t sufficiently large. 



25 



It follows from (IbTT|i and (pl2|l that 



lim t^¥+(W >t) = lim E+(Zf^ • K(9-'''uj);<iA < 



where the last limit is finite by ()2.26|) and ()B.9|) . The limit in the right-hand side exists since 
the limit in the left-hand side does not depend of A. 

Furthermore, it follows from ()B.11|) and ()2.26p that for some > 0, > 0, 

for all t > to. Therefore, by ()B.9|) . 
completing the proof of Proposition 12.281 



Proof of Lemma B.2 



(a) Follows from part (a) oi Lemma (2.231 fwhich itself is a corollary to Proposition 12. 19() . 

(b ) It is enough to consider A G N. For any n > we have 

P+(^^ < z>) = P+(^A < z>, z> > n) + P+(^A < i>, ^ < n) < P+(z> >n)+ P+(^a < n) 

< C3e-^''" + P+(gA <n). (B.13) 

For any n G N let 6„ = (1 - l/n)i/" and define a sequence of natural numbers {aj^„}"^Q by 
the following rule: ao,n = and 

f f (ai„ + l)(l-e) 

tti+i^n = mm <j EN: J > max <^ a„_i_„_i; - ' 



Then, 



P+(Zj > ai^n\Zj < aj^n, j = 0, 1, . . . ,i - 1) < —E+{Zi\Zi_i = ai_i,„) 
_ (a»-i,n + 1)(1 - uj-i+i) ^ (ai-i,n 1)(1 - e) ^ _ ^ 

We conclude that 

P+(Zj < ai,„|Zj < Oj-n, j = 0, 1, . . . ,z - 1) > 6„, 

and hence P+(<^A(an,n) > ''^) > P+(^i < 0'i,n, i = 1,2, . . . ,n) > 1 — 1/n. By construction, 
an,n is a strictly increasing sequence and it follows from ()B.13|) that for any A > an,n, 

P+(gA(A) <i>)< P+(^A(a„,„) < z>) < Cse"^^" + 
completing the proof. □ 
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Proof of Lemma IB. 5 



oo n+i—1 oo 

(i) Recall i?" = 1 + X] H P-j and let A„, = Zo,„ - ^o,n-iP-(n-i)- Then, Yq = AnBJ^, 

i=l j=n n=l 

and using the identity Yl'^=i '^"^ — 7r^/6 < 2, we obtain from Condition that 

(oo oo \ oo ^ \ 

n=l n=l / n=l ^ ^ 

oo 

< 2'^r"ir4Xl^^''^+(l^"r)- 



n=l 



Since (cf. O pp. 158-159]) E+d^^l'') < i^i2^^p (nr=oV-''i^|-^o) for some constant 
Ki2 > 0, it follows from Condition B that P+(lo > t) < Kgt^''', for some i^'g > 0. 

(^wj Recall the a-algebra JF„ defined in fl2.18|) . Using the first part of the proposition, we 
obtain: 

(\ / oo oo 

J2 yn>St]=F+lj2 YnI{,<.A <n<D)> mii-^^n-'^ 
(;A<n<u / \?i=l n=l 



- <n<u)- ¥{Yn > 1/2 ■ 5tn-^\j^n) 

n=l 



The claim follows now from Lemma [B. 21 the first square root being bounded and the second 
one going to zero as A — > oo, both uniformly in ur. □ 



Proof of Lemma IB. 8 

(i) For the lower bound: 



l+A 



> := K^iA) > 0. 

We now turn to the upper bound. For a fixed environment u we obtain, by using the 
Markov property of Zn in the second equality and the ellipticity condition (Bl) in the last 
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two inequalities, 

A 

^-Ka) = Y.H^-^^n\^A = n,Z^> A,Z^_r = a)P^{^A = n,Z^_r = a) = 

n>l a=0 
A 

= ^^E^{Z'^ \ Zn> A, Zn-i = a) {c^A = n, = a) 

n>l a=0 

< sup (Z„ \ Zn> A, Zn-i = a) < sup ^417 

{Z^ \Z^ = A) 



< sup 



{Zi>A\Zo = 0) 



<{A + sup E^ [(^0,0)1 < oo, 



where the random variables Vnj are defined in ()2.17|) . This completes the proof of part (i) 
of the Lemma. 

(a) The proof is similar to that of Lemma fB. 51 If < i^, let 

S^^^j = number of progeny alive at time j of the particles present at time <;a, 

and Bj = S^^j - S^^j-i ■ p-{j^i)- We have E^?^ S^^j - Z^^R"^ = EJ?^ BjW, and obtain 
from Condition that on the set {(^a < i^}, 



6t 



( 2 



2(j - + 



K OO 



n=0 



Since (cf. p:^ p. 164]) E+(|5,,,+„p < iTig^.'l^p (ll-^i P-i j > it follows from 

Condition C^ that for some K14 > 0, 
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t5 



< 



tSVA 



for A > ^2(5). 



□ 
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